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1. INTRODUCTION
The impulsive delay differential equations are adequate mathematical
models of numerous processes and phenomena studied in physics, biology,
engineering, etc. For this reason, in recent years, they have been studied
 by many other authors; see 1, 2, 612 . However, in spite of the great
number of investigations of the delay impulsive differential equations,
their oscillation theory has not yet been elaborated unlike the oscillation
 theory of the delay differential options without impulses 35 .
The purpose of this paper is to study the oscillation of the solutions of
nonlinear impulsive delay differential equations. This work was motivated
 by the paper of Bainov et al. 1 in which a detailed analysis of oscillation
properties was given for the nonlinear impulsive delay differential equa-
tion. The method in the present paper is very different from the one used
   in 1 . Our results also improve the results of 1 . Furthermore, our results
 can be applied to the case not covered in 1 .
1 Ž .This work is supported by the NNSF of China Grant 19871006 .
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2. PRELIMINARY NOTES
 4Let N  1, 2, . . . , m and h be positive constants, iN , hm i m
 4  4  4max h : iN , hmin h : iN , let  be a monotone increas-i m i m k k1
 4ing, unbounded sequence of positive numbers, and let b be ak k1
sequence of real numbers.
Consider the delay impulsive differential equation
x t  a t x t  p t f x t h , x t h , . . . ,Ž . Ž . Ž . Ž . Ž . Ž .Ž 1 2
x t h  0, t  ,Ž . . 1Ž .m k
 x   x   0  x   b x  ,Ž . Ž . Ž . Ž .k k k k k
with initial function
 x t   t , t h , 0 , 2Ž . Ž . Ž .
Ž  .where  C h, 0 , R .
Introduce the following conditions:
Ž  .   .H1. a C R , R , R  0, .loc
Ž  .H2. p C R , R . b  1 are constants for k 1, 2, . . . .loc k
Ž m . Ž .H3. f C R , R , f u , u , . . . , u u  0 for u  0 and sgn uloc 1 2 m 1 1 1
 sgn u    sgn u .2 m
H4. There exist constants L 0 and  ,  , . . . ,  ,  	 0, iN ,1 2 m i m
such that Ým   1 andi1 i
  1 2 m     f u , u , . . . , u 	 L u u  u .Ž .1 2 m 1 2 m
H5. There exist constants l and l such that1 2
lim   kl  l .Ž .k 1 2
k
H6. There exists a constant M 0 such that, for any kN, the
inequalities 0 b M are valid.k
H7.    	 T h for kN.k1 k
 Denote by i a, b the number of the impulse moments in the interval
 a, b , 0 a b .
Let us construct the sequence
   m 4  4  4t   
  , ,i i i s s1i1 i1 i1
where     h , iN, sN and t  t , iN.i s i s m i i1
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  Ž . Ž .DEFINITION 1 1 . By a solution of Eq. 1 with initial function 2 , we
 .mean any function x: h,  R for which the following conditions are
valid:
Ž . Ž .1. If h t 0, then x t   t .
2. If 0 t t   , then x coincides with the solution of the1 1
problem
x t  a t x t  p t f x t h , . . . , x t h  0Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 m
Ž .with initial condition 2 .
 4  4 m3. If t  t t , t     , , then x coincides with thei i1 i i i1 i s i1 s1
solution of the problem
x t  a t x t  p t f x t h , . . . , x t h  0,Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 m
x t  0  1 b x t ,Ž . Ž . Ž .i k i
where the number k is determined from the equality t   .i i k i
 4 m  44. If t  t t , t   ,   , then x coincides with thei i1 i i s i1 s1 i i1
solution of the problem
x t  a t x t 0  p t f x t h  0 , . . . , x t h  0  0,Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 m
x t  0  x t .Ž . Ž .i i
 4  4 m5. If t  t t , t     , , then x coincides withi i1 i i i1 i s i1 s1
the solution of the problem
x t  a t x t 0  p t f x t h  0 , . . . , x t h  0  0,Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 m
x t  0  1 b x t .Ž . Ž .Ž .i k ii
Ž .DEFINITION 2. The solution of 1 is said to be nonoscillatory if it is
either eventually positive or eventually negative. Otherwise, it is called
oscillatory.
3. MAIN RESULTS
First we establish a fundamental theorem that enables us to reduce the
Ž .oscillation and nonoscillation of solutions of 1 to the corresponding
problem for a delay differential equation without impulses.
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Consider the delay differential equation
y t  a t y tŽ . Ž . Ž .
1 1 b p t f 1 b y t h , . . . ,Ž . Ž . Ž . Ž .Ł Łk k 1ž
 t  thk k 1
1 b y t h  0, t	 0 3Ž . Ž . Ž .Ł k m /
 thk m
Ž .where , a, p, f , and b , kN are defined as in 1 . Here and in the sequelk
we assume that a product equals unity if the number of factors is equal to
zero.
THEOREM 1. Let conditions H1H3 hold.
Ž . Ž . Ž . Ž . Ž . Ž .i If y t is a solution of 3 , then x t Ł 1 b y t is a  t kk
Ž .solution of 1 .
Ž . Ž . Ž . Ž . Ž .1 Ž .ii If x t is a solution of 1 , then y t Ł 1 b x t is a  t kk
Ž .solution of 3 .
Ž . Ž . Ž . Ž .Proof. i It is easy to see that x t Ł 1 b y t is abso-0  t kk
Ž lutely continuous on each interval  ,  and for any t  , kk k1 k
1, 2, . . . ,
x t  a t x t  p t f x t h , . . . , x t hŽ . Ž . Ž . Ž . Ž . Ž .Ž .1 m
 1 b y t  1 b a t y tŽ . Ž . Ž . Ž . Ž .Ł Łk k
 t  tk k
 p t f 1 b y t h , . . . ,Ž . Ž . Ž .Ł k 1ž
 thk 1
1 b y t hŽ . Ž .Ł k m /
 thk m
 1 b y t  a t y tŽ . Ž . Ž . Ž .Ł k ½
 tk
1 1 b p tŽ . Ž .Ł k
 tk
f 1 b y t h , . . . ,Ž . Ž .Ł k 1ž
 thk 1
1 b y t hŽ . Ž .Ł k m / 5
 thk m
 0. 4Ž .
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On the other hand, for every  , k 1, 2, . . . ,k
x   lim 1 b y t  1 b y Ž . Ž . Ž . Ž .Ž . Ł Łk i i kt   tk i ki
and
x   1 b y  .Ž . Ž . Ž .Łk i k
i k
Thus, for every k 1, 2, . . . ,
x   1 b x  . 5Ž . Ž . Ž .Ž .k k k
Ž . Ž . Ž . Ž .It follows from 4 and 5 that x t is the solution of 1 corresponding to
Ž .initial condition 2 .
Ž . Ž . Ž ii Since x t is absolutely continuous on each interval  ,  , ink k1
Ž .view of 5 , it follows that, for any k 1, 2, . . . ,
1 1 y   1 b x   1 b x   y  6Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ł Łk i k i k k
  i k i k
and
1 y   1 b x   y  , k 1, 2, . . . ,Ž . Ž .Ž . Ž .Łk i k k
i k1
Ž .  . Ž .which implies that y t is continuous on 0, . It is easy to prove that y t
 .is also absolutely continuous in 0, . Now, one can easily check that
Ž . Ž .1 Ž . Ž .y t Ł 1 b x t is the solution of 3 corresponding to initial  t kk
Ž .condition 2 . The proof of Theorem 1 is complete.
By applying Theorem 1 we can prove the oscillation of all solutions of
Ž . Ž .1 is equivalent to the oscillation of all solutions of 3 .
THEOREM 2. Let conditions H1H3 hold. Assume that
b 1, k 1, 2, . . . . 7Ž .k
Ž . Ž .Then all solutions of 1 are oscillatory if and only if all solutions of 3 are
oscillatory.
Ž . Ž .  . Ž .Proof. Suppose that y t is a solution of 3 on 0, . Let x t 
Ž . Ž . Ž . Ž .  .Ł 1 b y t . From Theorem 1, x t is a solution of 1 on 0, .  t kk
Ž . Ž . Ž .Since Ł 1 b  0, t 0, x t is oscillatory if and only if y t is  t kk
oscillatory.
IMPULSIVE DELAY DIFFERENTIAL EQUATION 295
Ž . Ž .  . Ž .Conversely, suppose that x t is a solution of 1 on 0, . Let y t 
Ž .1 Ž . Ž . Ž .Ł 1 b x t . Thus, from Theorem 1, y t is a solution of 3 on  t kk . Ž . Ž . Ž .0, and in view of 7 , y t is oscillatory if and only if x t is oscillatory.
The proof of Theorem 2 is completed.
  Ž . Ž .Remark 1. All results in 1 for conditions of oscillations for 1 and 2
need the following strong condition:
a t 	 0, p t 	 0, for t	 0. 8Ž . Ž . Ž .
However, Theorem 2 does not need the above condition. In fact, in
Ž . Ž .Theorem 2, a t and p t can be oscillatory about zero, respectively.
Ž . Ž .Next we consider the oscillation of 1 under condition 8 . First we
introduce the following
 LEMMA 1 1 . Let condition H5 hold. Then there exists a constant lN
 such that the number of impulse moments in each of the interals a, a h ,
a 0 is not greater than 1.
Ž .THEOREM 3. Let conditions H1H6 and 8 hold. Assume that
2 l1MŽ .t sH aŽu. dushlim inf p s e ds . 9Ž . Ž .H Let th
Ž .Then all solutions of 1 are oscillatory.
Ž .Proof. Assume that 1 has a nonoscillatory solution. Then, from Theo-
Ž . Ž .rem 2, 3 has also a nonoscillatory solution. Let y t be a positive solution
Ž . Ž . Ž .of 3 , for t	 t 	 0. It is clear that y t h  0, iN and y t  0.˙0 i m
Ž . Ž .Let t T	 t  h and obtain from 3 , 8 , H4, H6, and Lemma 1,0
0 y t  a t y tŽ . Ž . Ž .˙
1 1 b p t f 1 b x t h , . . . ,Ž . Ž . Ž . Ž .Ł Łk k 1ž
 t  thk k 1
1 b x t hŽ . Ž .Ł k m /
 thk m
	 y t  a t y tŽ . Ž . Ž .˙
11 1 b L 1 b x t h Ž . Ž . Ž .Ł Łk k 1
 t  thk k 1
m
1 b x t hŽ . Ž .Ł k m
 thk m
	 y t  a t y tŽ . Ž . Ž .˙
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1 1 L 1 b p t 1 b x t hŽ . Ž . Ž . Ž .Ł Łk k
 t  thk k
1	 y t  a t y t  L 1 b p t x t hŽ . Ž . Ž . Ž . Ž . Ž .˙ Ł k
th tk
2 l	 y t  a t y t  L 1M p t x t h . 10Ž . Ž . Ž . Ž . Ž . Ž . Ž .˙
Ž . Ž . H tT aŽ s. d s Ž .Set z t  y t e , t	 T. Then from 10 we obtain
2 l t H aŽ s. d sthz t  L 1M e p t z t h  0. 11Ž . Ž . Ž . Ž . Ž .
  Ž . Ž .By the known results in 4, 5 and 9 , all solutions of the inequality 11
oscillate. There is a contradiction. The proof of Theorem 3 is complete.
Ž .COROLLARY 1. Let conditions H1H6 and 8 hold. Assume that
t
lim inf a s ds	 k	 0 12Ž . Ž .H
t th
and
2 l1MŽ .t
lim inf p s ds , 13Ž . Ž .H k1Let th
Ž .where k const. Then all solutions of 1 are oscillatory.
 Remark 2. In 1, Theorem 1 and Corollary 1 , the corresponding
Ž . Ž .conditions similar to 12 and 13 are
t
lim inf a s ds	 k 0 14Ž . Ž .H
t th
and
2 l1M 1Ž .t l llim inf p s ds max , 2 1M 1M  1 .Ž . Ž . Ž .H k ½ 5eLet th
15Ž .
 Clearly, Corollary 1 in our paper improves the main results of 1 .
Remark 3. Similar to the proof of Theorem 3, it is easy to show that
Ž .Theorem 3 will be true if condition 9 in Theorem 3 is replaced by
2 l1MŽ .th sH aŽu. dushlim sup p s e ds , 16Ž . Ž .H Lt t
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Ž . Ž .or the conditions of Theorem 3 are replaced by H1H4, 7 , 8 , and
1 1 h sk H aŽu. dushlim sup p s e ds . 17Ž . Ž .H1 b Lk k k
4. AN EXAMPLE
Let us consider the impulsive delay differential equation
3
 8 2'x t  x t  2 x t 1 x t 2  0, t  , 18Ž . Ž . Ž . Ž . Ž .k
1
x   0  x   x  ,Ž . Ž . Ž .k k kk
  t  0, t 2, 0 ,Ž .
1Ž .where, compared with 1 , m 2, h  1, h  2, h 2, b  ,   k,1 2 k kk
Ž . Ž . 8k 1, 2, . . . , a t  1, p t  2 .
Ž .It can be checked immediately that 1 3. It is clear that conditions 8 ,
H1, H2, and H6 are fulfilled for M 1. The condition H3 is satisfied too
since
3
2'u f u , u  u u u  0Ž .1 1 2 1 1 2
for u  0 and sgn u  sgn u .1 1 2
2 1Condition H4 holds true for L 1,   ,   , and condition H5 is1 23 3
Ž .true for l  1, l  0. Later, condition 12 is fulfilled for k 2. Finally,1 2
Ž .for the given values of the above constants, condition 13 is satisfied too.
Ž .According to Corollary 1, all solutions of 18 are oscillatory.
Ž .However, it is easy to prove that the condition 15 is not true. Hence
  Ž .the main result, i.e., 1, Theorem 1 , fails to Eq. 18 .
 Thus the present paper not only improves the paper 1 , but also extends
 1 for some general cases.
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